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$\mathrm{f}\mathrm{i}=\{\tau\in \mathrm{C}|{\rm Im}(\tau)>0\}$ , $k$
$f”(\tau)+\star(k+1)f’(\tau)+\star\star k(k+1)f(\tau)=0$
. $\star,$ $\star\star$ ,
- $k$ , $k$
, ,
[7], [5], [6] .
$k$ 5 $( \in\frac{1}{5}\mathrm{Z})$ . Klein Ramanujan
, ,
. , , Ramanujan
.
.
$\phi_{1}=\phi_{1}(\tau)$ $=$ $\frac{1}{\eta(\tau)^{3/5}}\sum_{n\in \mathrm{Z}}(-1)^{n}q^{(10n+1)^{2}/40}$
$=$ $1+ \frac{3}{5}q+\frac{2}{25}q^{2}-\frac{28}{125}q^{3}+\frac{264}{625}\mathit{1}^{4}.+\frac{532}{15625}q^{5}+\cdot$ . . :
$\phi_{2}= 2(\tau)$ $=$ $\frac{1}{\eta(\tau)^{3/5}}\sum_{n\in \mathrm{Z}}(-1)^{n}q^{(10n+3)^{2}/40}$
$=q^{1/6}(1- \frac{2}{5}q+\frac{12}{25}q^{2}+\frac{37}{125}q^{3}-\frac{171}{625}q^{4}-\frac{3318}{15625}q^{5}+\cdots)$
$\eta(\tau)=q^{1/24}\prod_{n=1}^{\infty}(1-q^{\mathfrak{n}})$ Dedekind , $q=e^{2\pi\dot{\iota}\tau}$ . Klein
( multiph.er system
T) $\Gamma(5)$ 1/5 . multiplier system




$\phi_{1},$ $\phi_{2}$ $\eta(\tau)^{2/5}$ ( 0) Rogers-&manujan
:
$\frac{\phi_{1}(\tau)}{\eta(\tau)^{2/5}}$ $=q^{-1/60} \prod_{n=0}^{\infty}\frac{1}{(1-q^{5n+1})(1-q^{5n+4})}$
$.=q^{-1/60}$ ($1+ \frac{q^{1^{2}}}{1-q}+\frac{q^{2^{2}}}{(1-q)(1-q^{2})}+\frac{q^{3^{3}}}{(1-q)(1-q^{2})(1-q^{3})}+\cdot$ . $1$ ) $.$,
$\frac{\phi_{2}(\tau)}{\eta(\tau)^{2/5}}$ $=$ $q^{11/60} \prod_{n=0}^{\infty}\frac{1}{(1-q^{5n+2})(1-q^{5n+3})}$


















$v= \frac{\phi_{2}}{\phi_{1}}(\tau)$ , $u= \frac{\phi_{2}}{\phi_{1}}(5\tau)$
($u$ $v$ $q$ $q^{5}$ , Ramanujan $u,$ $v$ ,
$\phi_{1},$ $\phi$2 )
(1.10) $v^{5}=u \frac{1-2u+4u^{2}-3u^{3}+u^{4}}{1+3u+4u^{2}+2u^{3}+u^{4}}$ .
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, (1.11), (1.12) singular moduli . Hardy
([2], p.9).
“. . . , but (1.10)-(1.12) defeated me completely; Ihad never seen anything
in the least like them before. A single look at them is enough to show that
they could only be written down by a mathematician of the highest class.
They must be true because, if they were not true, no one would have had the
imagination to invent them. ”
. ’ $2\pi i$
$\frac{1}{2\pi\dot{l}}\frac{d}{d\tau}$ . E2(\mbox{\boldmath $\tau$}) $SL_{2}(\mathrm{Z})$ 2 Eisenstein ,
$E_{2}(\tau)=24\eta’(\tau)$/$\eta(\tau)=1-24\sum_{n=1}^{\infty}(\sum_{d|n}d)q^{n}=1-24q-72^{2}q-96^{3}q-168q^{4}-$ $\cdot$ . .
.
$(\#)_{k}$ $f”( \tau)-\frac{k+1}{6}E_{2}(\tau)f’(\tau)+\frac{k(k+1)}{12}E_{2}’(\tau)f(\tau)=0$
. , $\lceil f$ (\mbox{\boldmath $\tau$}) $(\begin{array}{ll}a b\mathrm{c} d\end{array})\in SL_{2}(\mathrm{Z})$ $(c \tau+d)^{-k}f(\frac{a\tau+b}{\mathrm{c}\tau+d})$
, . (#)\sim
([5], [4] ).
[7] , $k$ 3 2 , $(\#)_{k}$
$SL_{2}(\mathrm{Z})$ $k$ , $F_{k}(\tau)$
, $p$ 5 $F_{p-1}(\tau)/\eta(\tau)^{2(p-1)}$ $\mathrm{m}\mathrm{o}\mathrm{d} p$
“supersingular $j$-polynomiml”( T $j$
) ($p-1$ 12 ) .






$k$ }$\theta\frac{1}{5}\mathrm{Z}\text{ }$ .
.
$k=(6n+1)/5,$ $n$ =0,1, 2, $\ldots,$ $n\not\equiv 4$ (mod5) . $(\#)_{k}$
$\mathrm{C}[\phi_{1}, \phi_{2}]$ $k$ ( $5k$ ) .
$k= \frac{1}{5}$ : $\phi_{1},$ $\phi_{2}$ ,
$k= \frac{7}{5}$ : $\phi_{1}^{7}+7\phi_{1}^{2}\phi_{2}^{5},7\phi_{1}^{5}\phi_{2}^{2}-\phi_{2}^{7}$ ,
$k= \frac{13}{5}$ : $\phi_{1}^{13}+39\phi_{1}^{8}\phi_{2}^{5}-26\phi_{1}^{3}\phi_{2}^{10},26\phi_{1}^{10}\phi_{2}^{3}+39\phi_{1}^{5}\phi_{2}^{8}-\phi_{2}^{13}$,
$k=. \frac{19}{5}$ : $\phi$}$9+171\phi$}$4d+247\phi$? $\phi$4$0-57\phi_{1}^{4}\phi_{2}^{15},57\phi_{1}^{15}\phi_{2}^{4}+247\phi_{1}^{10}\phi_{2}^{9}-171\phi_{1}^{5}\phi_{2}^{14}+\phi_{2}^{19}$ .






, $(\#)_{k}$ $t$ . $t$ }’’c $\Gamma_{1}$ (5)
“Hauptmodul”( ) . $q=0$
. , $f$ (\mbox{\boldmath $\tau$}) $(\#)_{k}$ , $F$ (t) $(\mathrm{b})_{k}$
:
$(\mathrm{b})_{k}$ $t(t^{2}+11t-1)F’’(t)+( \frac{7-11k}{6}t^{2}+11$ (1-k)t $+ \frac{k-5}{6})F’(\mathrm{t})$
$+ \frac{k(5k-1)}{6}(t+ 3)F(\mathrm{o}=0$ .
’ $t$ . , $k=-1$
$(\mathrm{b})_{-1}$ $t(t^{2}+11t-1)$F”(t) $+$ ($3t2+$ 22t-1)F’(t) $+(t + 3)$F(t) $=0$
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F. Beukers [1] $\zeta(2)$ (\mbox{\boldmath $\zeta$}(3) ) Ap\’ery
. $k=-1$ $(\#)_{k}$
$f”=0$





$(\mathrm{b})_{k}$ Gauss , $k$
.
4 . , $(\mathrm{b})_{k}$ 4 ($\Gamma_{1}(5)$ 4
) , .
,
, . $(\mathrm{b})_{k}$ $P(t)$ ,
$\phi_{1}^{5k}P(\phi_{2}^{5}/\phi_{1}^{5})$ $\phi_{2}^{5k}P(-\phi_{1}^{5}/\phi_{2}^{5})$
$(\#)_{k}$ . ( , $SL$(2, Z) ,
$(\begin{array}{l}-3-585\end{array})$ $\phi_{1}arrow\phi_{2},$ $\phi_{2}arrow-\phi_{1}$ .)
$0\leq n\leq 8,$ $n$ \neq 4 ,
$P_{0}(t)$ $=$ 1,
$P_{1}(t)$ $=$ $1+7t$ ,
$\ovalbox{\tt\small REJECT}(t)$ $=$ $1+39t-26t^{2}$ ,
$P_{3}(t)$ $=$ $1+171t+247t^{2}-57t^{3}$ ,
$P_{5}(t)$ $=$ $1-465t-10385t^{2}-2945t^{3}-8370t^{4}+682t^{5}$ ,
$P_{6}(t)$ $=$ $1-333t-17390t^{2}-54390t^{3}+26640t^{4}-64158t^{5}+3774t^{6}$ ,
$P_{7}(t)$ $=$ $1-301t-36421t^{2}-310245t^{3}+10535t^{4}-422303t^{5}+283843t^{6}-12857t^{7}$ ,
$P_{8}(t)$ $=$ $1-294t-101528t^{2}-1798692t^{3}-2747430t^{4}-\cdot 387933t^{5}-2086028t^{6}$
$+$740544t7-26999t8,
55
, $n\geq 10,$ $n\not\equiv 4$ (mod5) $n$ , $P_{n}$ (t)
$P_{n}(t)$ $=$ $(1+l^{2})(1-522t-10006t^{2}+522t^{3}+t^{4})P_{n-5}(t)$
$+12 \frac{(6n-29)(6n-49)}{(n-4)(n-9)}t$ (1–11t-t2)5I$n-100$)
. $P_{n}$ (t) $n\geq 0,$ $n\not\equiv 4$ (mod5) $(\mathrm{b})(6n+1)/5$
.
$(\#)_{k}$ $k$ mod 6
. [5] $k$ $\equiv 5$ mod 6
. ,
.






. , $P_{n}$ (t)
$\Delta(\tau)=\eta(\tau)^{24}$ , $\text{ }$ $1-522t-10006t^{2}+\cdots$ Eisenstein $E_{6}(\tau)$
.
$p$ , $ss_{p}^{(5)}(t)$ “supersingular $t$-polynomial”,
$ss_{p}^{(5)}(t)= \prod_{t_{0}\epsilon \mathrm{F}_{p}}(t-t_{0})$
,
$t_{0}$ supersin $\mathrm{l}\mathrm{a}\mathrm{r}$ , $j$ (t0) supersin $\mathrm{l}\mathrm{a}\mathrm{r}$
j- , . ,
(i) $p\neq 5$ .
$P_{p-1}(t)\mathrm{m}\mathrm{o}\mathrm{d} p=ss_{p}^{\langle 5)}(t)$
$\mathrm{t}$
(ii) $p\geq 7$ , $P_{p-1}$ (t) $\mathrm{m}\mathrm{o}\mathrm{d} p$
$l$
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$\bullet$ $p\equiv 1\mathrm{m}$od5 , 2 .
$\bullet$ $p\equiv 3,7\mathrm{m}\mathrm{o}\mathrm{d} 20$ , 2 , 4 .
$\bullet$ $p\equiv 13,1$7 $\mathrm{m}\mathrm{o}\mathrm{d} 20$ , 4 .
$\bullet$ $p\equiv 4\mathrm{m}$od5 , $h$ 1 $(p-1-h)/2$ 2 . $h$




. [4] . [4]
. .
[1] F. Beukers, Irrationality of $\pi^{2},$ perio& of an elliptic curve and $\Gamma_{1}(5)$ , “Approxima
tions Diophantiennes et Nombres Ranscendants,” Progress in Math., 31, $\mathrm{B}\dot{\mathrm{n}}\mathrm{k}\mathrm{h}\ddot{\mathrm{a}}\mathrm{u}\mathrm{s}\mathrm{e}\mathrm{r}$ ,
(1983), 47-66.
[2] G. H. Hardy, Ramanujan, Chelsea Publishing Company, New York 1959.
[3] T. TOukiyama, Modular forms of rational weights and modular varieties, $Abh$ . Math.




[5] M. Kaneko and M. Koike, On modular forms arising from a differential equation of
hypergeometric type, The Ramanujan J., vol. 7, 145-164, (2003).
[6] M. Kaneko and M. Koike, Quasimodular forms as solutions to a differential equ&
tion of hypergeometric type, Galois Theory and Modular Forms, (ed. K. Hashimoto,
K. Miy&e and H. Nakamura), Kluwer Academic Publishers, 329-336, (2003).
[7] M. Kaneko and D. Zagier, Supersingular $i$-invariants, hypergeometric series, and
Atkin’s orthogonal polynomials, $\mathrm{A}\mathrm{M}\mathrm{S}/\mathrm{I}\mathrm{P}$ Studies in Advanced Mathematics, vol. 7
(1998), 97-126.
